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CONTROL

3



Scientific landscape

Rich & vast history 
fragmented between fields: adaptive 
control & reinforcement learning (RL) 

Culture gaps: adaptive control RL

• stability vs opitimality
• robust vs optimism facing uncertainty
• interpretable pen+paper vs compute 
• theory certificates vs empirical studies

• common root: dynamic programming
• early cross-overs: neuro/adaptive DP

• today: cross-fertilization
& bridging culture gaps 4



Data-driven pipelines

• direct (model-free) approach:
direct MRAC, behavioral, RL…

ID

• episodic & batch algorithms:
collect data batch → design policy 

• online & adaptive algorithms:
measure → update policy → act → gold standard: adaptive + optimal 

+ robust + cheap + tractable …& direct

• indirect (model-based) approach:
data → model + uncertainty → control

well-documented trade-offs 
• goal: optimality vs robust stability 
• practicality: modular vs end-to-end
• complexity: data, compute, theory
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• cornerstone & the benchmark of
both optimal + adaptive control & RL

• research gaps: no direct + adaptive LQR & no
closed-loop certificates of adaptive DP methods

Back to basics: LQR

minimize
𝐾𝐾

𝔼𝔼𝑤𝑤𝑡𝑡 lim
𝑇𝑇→∞

1
𝑇𝑇
∑𝑡𝑡=0𝑇𝑇 𝑥𝑥𝑡𝑡𝑇𝑇𝑄𝑄𝑥𝑥𝑡𝑡 + 𝑢𝑢𝑡𝑡𝑇𝑇𝑅𝑅𝑢𝑢𝑡𝑡

s. t. 𝑥𝑥+= 𝐴𝐴𝐴𝐴 + 𝐵𝐵𝐵𝐵 + 𝑤𝑤

𝑢𝑢 = 𝐾𝐾 𝑥𝑥

• 𝛨𝛨2 parameterization of LQR

direct

indirect

offline
batch

online
adaptive

?

𝑥𝑥𝑢𝑢

𝑥𝑥+ = 𝐴𝐴𝐴𝐴 + 𝐵𝐵𝐵𝐵 + 𝑤𝑤
𝑧𝑧 = 𝑄𝑄1/2𝑥𝑥 + 𝑅𝑅1/2𝑢𝑢

𝑢𝑢 = 𝐾𝐾𝐾𝐾

𝑧𝑧𝑤𝑤
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Today: revisit old problems with new perspectives

① Behavior: a linear system is a sub-
space of trajectories that can be re-
presented by models or data: trajectory
matrices or sample covariances

𝑥𝑥

② adaptation of optimal
control following RL-style
policy gradient descent

𝐾𝐾+= 𝐾𝐾 − 𝜂𝜂 ∇𝐽𝐽 𝐾𝐾

𝐾𝐾+

𝐾𝐾
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1. problem setup for adaptive LQR via policy gradient

2. learning pipelines for (in)direct policy gradients

3. closed loop: sequential stability, optimality, & robustness

4. case studies: numerics, robotics, flight, & power systems
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PROBLEM SETUP 
FOR ADAPTIVE LQR 

VIA POLICY GRADIENT

9



LQR parameterization

min
𝐾𝐾

𝔼𝔼𝑤𝑤𝑡𝑡 lim
𝑇𝑇→∞

1
𝑇𝑇
∑𝑡𝑡=0𝑇𝑇 𝑥𝑥𝑡𝑡𝑇𝑇𝑄𝑄𝑥𝑥𝑡𝑡 + 𝑢𝑢𝑡𝑡𝑇𝑇𝑅𝑅𝑢𝑢𝑡𝑡

s. t. 𝑥𝑥+= 𝐴𝐴𝐴𝐴 + 𝐵𝐵𝐵𝐵 + 𝑤𝑤

𝑢𝑢 = 𝐾𝐾 𝑥𝑥

→ with controllability Gramian or 

state covariance Σ = lim
𝑇𝑇→∞

∑𝑡𝑡=0𝑇𝑇 𝑥𝑥𝑡𝑡𝑥𝑥𝑡𝑡𝑇𝑇

𝑇𝑇

min
𝐾𝐾,Σ≻0

𝑇𝑇𝑇𝑇 𝑄𝑄Σ) + 𝑇𝑇𝑇𝑇(𝐾𝐾𝑇𝑇𝑅𝑅𝑅𝑅Σ

s. t. Σ = 𝐼𝐼 + 𝐴𝐴 + 𝐵𝐵𝐵𝐵 Σ 𝐴𝐴 + 𝐵𝐵𝐵𝐵 𝑇𝑇

→ model-based solution: SDP or algebraic Riccati equation solved 
by interior point, contraction, or policy evaluation/improvement

𝑥𝑥𝑢𝑢

𝑥𝑥+ = 𝐴𝐴𝐴𝐴 + 𝐵𝐵𝐵𝐵 + 𝑤𝑤
𝑧𝑧 = 𝑄𝑄1/2𝑥𝑥 + 𝑅𝑅1/2𝑢𝑢

𝑢𝑢 = 𝐾𝐾𝐾𝐾

𝑧𝑧𝑤𝑤
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● collect data (𝑋𝑋0,𝑈𝑈0,𝑋𝑋1) with 𝑊𝑊0 unknown  &  PE: rank 
𝑈𝑈0
𝑋𝑋0

= 𝑛𝑛 + 𝑚𝑚

● indirect & certainty-
equivalence LQR
(all solved offline) 

least
squares 
SysID

certainty-
equivalent
LQR

Indirect & certainty-equivalence LQR

min
𝐾𝐾,Σ≻0

𝑇𝑇𝑇𝑇 𝑄𝑄Σ) + 𝑇𝑇𝑇𝑇(𝐾𝐾𝑇𝑇𝑅𝑅𝑅𝑅Σ

s. t. Σ = 𝐼𝐼 + 𝐴̂𝐴 + �𝐵𝐵𝐾𝐾 Σ 𝐴̂𝐴 + �𝐵𝐵𝐾𝐾 𝑇𝑇

�𝐵𝐵, 𝐴̂𝐴 = arg min
𝐵𝐵,𝐴𝐴

𝑋𝑋1 − 𝐵𝐵, 𝐴𝐴 𝑈𝑈0
𝑋𝑋0 𝐹𝐹
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● shortcoming of separating learning and control
→ cannot improve policy online  &  cheaply / rapidly adapt

●

● desired adaptive solution: online (non-episodic / batch) algorithm, 
with closed-loop data, recursive implementation, & (in?)direct

● how to “best” improve policy online → go down the gradient !

* disclaimer: a large part of the adaptive control community focuses on stability & not optimality

monotonicity principles of adaptive
control: acquire information & im-
prove control performance over time

Towards an online & adaptive implementation
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Adaptive LQR via policy gradient descent

𝑥𝑥+ = 𝐴𝐴𝐴𝐴 + 𝐵𝐵𝐵𝐵 + 𝑤𝑤

𝐾𝐾+ = 𝐾𝐾 − 𝜂𝜂 ∇𝐽𝐽 𝐾𝐾

𝑥𝑥𝑢𝑢

𝐾𝐾𝐾𝐾

plant

control policy

𝑤𝑤

policy gradient descent

𝑧𝑧 Seems obvious but…

→ algorithms
• how to compute ∇𝐽𝐽 𝐾𝐾

cheaply & recursively ?
• direct or indirect ?
• convergence ?

→  closed loop
• stability ?
• robustness ?
• optimality ?

gradient of LQR cost
as a function of 𝐾𝐾

+

probing noise

13



Preview: does it work on an autonomous bike ?

autonomous bike

𝐾𝐾+ = 𝐾𝐾 − 𝜂𝜂 ∇𝐽𝐽 𝐾𝐾

𝑢𝑢 = 𝐾𝐾𝐾𝐾

𝑤𝑤 𝑧𝑧
+

feedback linearization

adaptive control via policy gradient

pre-stabilized plant

Setup:  autonomous bicycle with coarse inner control (2d dynamics 
stabilized by feedback linearization) & outer adaptive policy gradient

+

probing noise
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Preview: does it work on an autonomous bike ?

autonomous bike

𝐾𝐾+ = 𝐾𝐾 − 𝜂𝜂 ∇𝐽𝐽 𝐾𝐾

𝑢𝑢 = 𝐾𝐾𝐾𝐾

𝑤𝑤 𝑧𝑧
+

feedback linearization

adaptive control via policy gradient

pre-stabilized plant
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stabilized by feedback linearization) & outer adaptive policy gradient

+

probing noise
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LEARNING
PIPELINES 

FOR POLICY 
GRADIENT
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Algorithmic road map

data
sample covariancemodel identification

indirect direct

Hewer 
algorithm

Newton metric

policy 
gradient

vanilla regularization

robust
gradient

… … …

regularizationvanilla

Newton metric

natural 
gradient

Fisher 
metric

Fisher 
metric
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LQR optimization landscape

min
𝐾𝐾,Σ≻0

𝑱𝑱 𝑲𝑲 = 𝑇𝑇𝑇𝑇 𝑄𝑄Σ) + 𝑇𝑇𝑇𝑇(𝐾𝐾𝑇𝑇𝑅𝑅𝑅𝑅Σ

s. t. Σ = 𝐼𝐼 + 𝐴𝐴 + 𝐵𝐵𝐵𝐵 Σ 𝐴𝐴 + 𝐵𝐵𝐵𝐵 𝑇𝑇

after eliminating
unique 𝚺𝚺 ≻ 𝟎𝟎,
denote the
objective as 𝑱𝑱 𝑲𝑲

• differentiable with  ∇𝐽𝐽 𝐾𝐾 = 2 𝑅𝑅 + 𝐵𝐵𝑇𝑇𝑃𝑃 𝐵𝐵 𝐾𝐾 − 𝐵𝐵𝑇𝑇𝑃𝑃𝑃𝑃 Σ

where 𝑃𝑃 = 𝑄𝑄 + 𝐾𝐾𝑇𝑇𝑅𝑅𝑅𝑅 + 𝐴𝐴 + 𝐵𝐵𝐵𝐵 𝑇𝑇𝑃𝑃 𝐴𝐴 + 𝐵𝐵𝐵𝐵
& Σ are closed-loop obs. + contr. Gramians

• coercive with compact sublevel sets 
• smooth with locally bounded Hessian
• gradient dominance:  𝐽𝐽 𝐾𝐾 ≤ 𝐽𝐽∗ + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐. � ∇𝐽𝐽 𝐾𝐾 2

𝐽𝐽 𝐾𝐾 is usually not convex

19

but for stabilizing 𝐾𝐾 is 
[Watanabe & Zheng, 25] 



Model-based policy gradient

min
𝐾𝐾

𝐽𝐽 𝐾𝐾 = 𝑇𝑇𝑇𝑇 𝑄𝑄Σ) + 𝑇𝑇𝑇𝑇(𝐾𝐾𝑇𝑇𝑅𝑅𝑅𝑅Σ

Fact: For initial 𝐾𝐾0 stabilizing & small 𝜂𝜂, gradient 
descent 𝐾𝐾+ = 𝐾𝐾 − 𝜂𝜂 ∇𝐽𝐽 𝐾𝐾 converges linearly to 𝐾𝐾∗.

where Σ = 𝐼𝐼 + 𝐴𝐴 + 𝐵𝐵𝐵𝐵 Σ 𝐴𝐴 + 𝐵𝐵𝐵𝐵 𝑇𝑇

Algorithm: model-based adaptive control via policy gradient

1. data collection: refresh (𝑋𝑋0,𝑈𝑈0,𝑋𝑋1)

2. identification of �𝐵𝐵, 𝐴̂𝐴 via recursive LS
3. policy gradient: 𝐾𝐾+ = 𝐾𝐾 − 𝜂𝜂 ∇𝐽𝐽 𝐾𝐾 using

estimates �𝐵𝐵, 𝐴̂𝐴 & closed-loop Gramians Σ,𝑃𝑃

actuate 
& repeat
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Pre-scaled policy gradient 

𝐾𝐾+ = 𝐾𝐾 − 𝜂𝜂 𝑴𝑴(𝑲𝑲) ∇𝐽𝐽 𝐾𝐾

Fact: this equals Hewer’s algorithm:
policy evaluation ⇆ improvement

→Natural policy gradient method: 
𝑴𝑴 𝐾𝐾 is inverse Fisher information

−∇𝐽𝐽 𝐾𝐾 ≈ steepest 
descent in
Euclidean
metric 

−𝑴𝑴 𝐾𝐾 ∇𝐽𝐽 𝐾𝐾
≈ descent 
in direction
with large
variance

Fact: 𝑴𝑴 𝐾𝐾 ∇𝐽𝐽 𝐾𝐾 = ∇𝐽𝐽 𝐾𝐾 Σ−1 is easy to evaluate 

→Gauss-Newton: 𝑴𝑴(𝑲𝑲) cheaply 
approximates inverse Hessian ∇2𝐽𝐽 𝐾𝐾
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relative performance gap 𝜖𝜖 = 1 𝜖𝜖 = 0.1 𝜖𝜖 = 0.01
# trajectories (100 samples) 1414 43850 142865

~ 𝟏𝟏𝟎𝟎𝟕𝟕 samples for 
4th order system

• issue: uncertainty propagation is hard in indirect case & outcome 
suffers from bias error (e.g. model-order in output feedback setup)

• model-free 0th order methods constructing two-point estimate 

�∇𝐽𝐽(𝐾𝐾) = 𝐽𝐽 𝐾𝐾 + 𝑟𝑟𝑟𝑟 − 𝐽𝐽 𝐾𝐾 − 𝑟𝑟𝑟𝑟 ⋅
𝑚𝑚𝑚𝑚
𝑟𝑟2

𝑈𝑈
from uniform perturbation 𝑈𝑈 & numerous + very long trajectories

• direct policy gradient is inefficient, episodic, & practically useless ?
→ sample covariance parameterization to the rescue !

Direct (model-free) policy gradient methods
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• sample covariances:  𝚽𝚽 = 1
𝑡𝑡
𝑈𝑈0
𝑋𝑋0

𝑈𝑈0
𝑋𝑋0

⊤
≻ 0 &    Φ+ = 1

𝑡𝑡
𝑋𝑋1

𝑈𝑈0
𝑋𝑋0

⊤

• direct data-driven formulation by substituting  𝐴𝐴 + 𝐵𝐵𝐵𝐵 = Φ+V &   (⋆)

Sample covariance parametrization of the LQR 

⟹ ∀𝐾𝐾 ∃𝑉𝑉 s. t. 𝐾𝐾
𝐼𝐼 = 1

𝑡𝑡
𝑈𝑈0
𝑋𝑋0

𝑈𝑈0
𝑋𝑋0

⊤
𝑉𝑉 (⋆)

𝑋𝑋1 = 𝐴𝐴𝑋𝑋0 + 𝐵𝐵 𝑈𝑈0
𝑋𝑋0 = 𝑥𝑥0, … , 𝑥𝑥𝑡𝑡−1
𝑈𝑈0 = 𝑢𝑢0, … ,𝑢𝑢𝑡𝑡−1

𝑋𝑋1 = 𝑥𝑥1, … , 𝑥𝑥𝑡𝑡

• closed loop: 𝐴𝐴 + 𝐵𝐵𝐵𝐵 = 𝐵𝐵 𝐴𝐴 𝐾𝐾
𝐼𝐼

= 𝐵𝐵 𝐴𝐴 1
𝑡𝑡
𝑈𝑈0
𝑋𝑋0

𝑈𝑈0
𝑋𝑋0

⊤
V =

1
𝑡𝑡
𝑋𝑋1

𝑈𝑈0
𝑋𝑋0

⊤
V

(no noise)

= Φ+V

(due to PE)
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Aside: covariance parametrization on the rise

Related to trajectory matrices, but
• matrices independent of data size
• uniqueness & no regularization
• recursive rank-1 updates 26



Covariance parametrization of policy gradient

• covariance parameterization:  

substitute 𝐴𝐴 + 𝐵𝐵𝐵𝐵 = Φ+V with 

linear constraint  𝐾𝐾𝐼𝐼 = Φ 𝑉𝑉

• analogous optimization problem in
𝑉𝑉-coordinates with linear constraint,  
where 𝐾𝐾 can be eliminated

• direct & projected policy gradient

𝑉𝑉+ = 𝑉𝑉 − 𝜂𝜂 Π ∇𝐽𝐽 𝑉𝑉
case study: random 4th order 
system & only 6 data samples

min
𝐾𝐾,Σ≻0,𝑉𝑉

𝑇𝑇𝑇𝑇 𝑄𝑄Σ) + 𝑇𝑇𝑇𝑇(𝐾𝐾𝑇𝑇𝑅𝑅𝑅𝑅Σ

s. t. Σ = 𝐼𝐼 + Φ+𝑉𝑉 Σ Φ+𝑉𝑉 𝑇𝑇

𝐾𝐾
𝐼𝐼 = Φ 𝑉𝑉

27

optimality gap

min
𝐾𝐾,Σ≻0

𝑇𝑇𝑇𝑇 𝑄𝑄Σ) + 𝑇𝑇𝑇𝑇(𝐾𝐾𝑇𝑇𝑅𝑅𝑅𝑅Σ

s. t. Σ = 𝐼𝐼 + 𝐴𝐴 + 𝐵𝐵𝐵𝐵 Σ 𝐴𝐴 + 𝐵𝐵𝐵𝐵 𝑇𝑇



Facts on direct policy gradient

• covariance parameterization: substitute 𝐴𝐴 + 𝐵𝐵𝐵𝐵 = Φ+V with 𝐾𝐾
𝐼𝐼 = Φ 𝑉𝑉

• direct & projected policy gradient descent   𝑉𝑉+ = 𝑉𝑉 − 𝜂𝜂 Π ∇𝐽𝐽 𝑉𝑉

Fact 1: in original 𝐾𝐾 −coordinates 
reads as scaled gradient descent  

𝐾𝐾+ = 𝐾𝐾 − 𝜂𝜂 𝑴𝑴𝒕𝒕 ∇𝐽𝐽 𝐾𝐾 ,

where 𝑴𝑴𝒕𝒕 = 1
𝑡𝑡2
𝑈𝑈0

𝑈𝑈0
𝑋𝑋0

⊤
Π 𝑈𝑈0

𝑋𝑋0
𝑈𝑈0𝑇𝑇≻ 0 .

→ retain strong convergence result

Fact 2: the corresponding 
natural gradient descent 
is invariant, i.e., equal to 
the model-based natural 
gradient descent.
→ recover original result

28
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Robustifying covariance regularization of the LQR

𝑋𝑋1 = 𝐴𝐴𝑋𝑋0 + 𝐵𝐵 𝑈𝑈0 + 𝑊𝑊0

𝑋𝑋0 = 𝑥𝑥0, … , 𝑥𝑥𝑡𝑡−1
𝑈𝑈0 = 𝑢𝑢0, … ,𝑢𝑢𝑡𝑡−1 𝑋𝑋1 = 𝑥𝑥1, … , 𝑥𝑥𝑡𝑡
𝑊𝑊0 = 𝑤𝑤0, … ,𝑤𝑤𝑡𝑡−1

• closed loop:  𝐴𝐴 + 𝐵𝐵𝐵𝐵 = Φ+ − �𝑊𝑊0 𝑉𝑉 where   �𝑊𝑊0 = 1
𝑡𝑡
𝑊𝑊0

𝑈𝑈0
𝑋𝑋0

⊤
(neglected before)

• difference in Lyapunov equn’s with/without noise  ~ 𝑽𝑽𝚺𝚺𝑽𝑽𝑻𝑻𝚽𝚽

• regularized LQR:  𝐽𝐽 𝑉𝑉 + 𝜆𝜆 ⋅ 𝑇𝑇𝑇𝑇 𝑽𝑽𝚺𝚺𝑽𝑽𝑻𝑻Φ = 𝐽𝐽 𝐾𝐾 + 𝜆𝜆 ⋅ 𝑇𝑇𝑇𝑇 𝚽𝚽−𝟏𝟏 𝑲𝑲
𝑰𝑰 𝚺𝚺 𝑲𝑲

𝑰𝑰

𝑻𝑻

• optimization class does not change → retain convergence result
30



Effect of regularization

Comparison of stability % 𝑃𝑃 &  median optimality gap ℳ

op
tim
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 [%
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ed
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n 
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 [%
]

st
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iliz
in
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  [
%

]

• regularizing with 𝜆𝜆 robustifies
& gives better performance

• improves algorithmic stability
for indirect & direct methods

• decrease 𝜆𝜆 as data grows
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CLOSED-LOOP 
STABILITY, 

OPTIMALITY & 
ROBUSTNESS
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Policy gradient descent in closed loop

𝑥𝑥+ = 𝐴𝐴𝐴𝐴 + 𝐵𝐵𝐵𝐵 + 𝑤𝑤

𝐾𝐾+ = 𝐾𝐾 − 𝜂𝜂 𝑀𝑀 ∇𝐽𝐽 𝐾𝐾

𝑥𝑥

𝐾𝐾𝐾𝐾

plant

control policy

𝑤𝑤

policy gradient descent

𝑧𝑧

gradient of LQR cost as a function of 𝐾𝐾 or any 
of previous policy gradient descent methods

+

probing noise

𝑢𝑢 = 𝐾𝐾𝐾𝐾

𝑒𝑒

Q: if each 𝐾𝐾𝑡𝑡 is stabilizing & 𝐽𝐽(𝐾𝐾𝑡𝑡) decreases, we 
surely get asymptotic stability & optimality ?

A: it’s a switched 
system, ... so no ? 33

+ 𝑒𝑒



Information metric

• noise & data covariance:  

𝛿𝛿𝑡𝑡 ≔
1
𝑡𝑡
𝑊𝑊0𝐷𝐷0𝑇𝑇

• persistency of excitation due to probing:

𝜎𝜎 Φt ≥ 𝛾𝛾𝑡𝑡 for some 𝛾𝛾𝑡𝑡 > 0

• information metric  =  signal-to-noise ratio 𝑆𝑆𝑆𝑆𝑅𝑅𝑡𝑡 ≔ ⁄𝛾𝛾𝑡𝑡 𝛿𝛿𝑡𝑡

Uniform 𝛿𝛿𝑡𝑡 ∼ 𝑂𝑂(1) Constant  𝛾𝛾𝑡𝑡 ∼ 𝑂𝑂(1) 𝑆𝑆𝑆𝑆𝑅𝑅𝑡𝑡 ∼ 𝑂𝑂(1)

Gaussian 𝛿𝛿𝑡𝑡 ∼ 𝑂𝑂(1/ 𝑡𝑡)
Constant  𝛾𝛾𝑡𝑡 ∼ 𝑂𝑂(1) 𝑆𝑆𝑆𝑆𝑅𝑅𝑡𝑡 ∼ 𝑂𝑂( 𝑡𝑡)

Decay 𝛾𝛾𝑡𝑡 ∼ 𝑂𝑂(𝑡𝑡−1/4) 𝑆𝑆𝑆𝑆𝑅𝑅𝑡𝑡 ∼ 𝑂𝑂(𝑡𝑡1/4)

satisfies Zames’ first 
monotonicity principle: 
information acquisition
= SNR increases
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Certificate for any of the policy gradient methods

Theorem (simplified): There exist 𝜈𝜈𝑖𝑖 > 0, 𝑖𝑖 ∈ {1,2,3,4,5}, depending on 
𝐴𝐴,𝐵𝐵,𝑄𝑄,𝑅𝑅,𝐾𝐾0 with 𝜈𝜈4 < 1, so that,  if 𝑆𝑆𝑆𝑆𝑅𝑅𝑡𝑡 ≥ 𝜈𝜈1 ∀𝑡𝑡 , 𝜂𝜂 ≤ 𝜈𝜈2, & for stable 𝐾𝐾0

1. the closed-loop system is stable in the sense that

|𝑥𝑥𝑡𝑡| ≤ 𝜈𝜈3𝜈𝜈4𝑡𝑡|𝑥𝑥0| + 𝜈𝜈5 max
0≤𝑖𝑖<𝑡𝑡

|𝐵𝐵𝑒𝑒𝑖𝑖 + 𝑤𝑤𝑖𝑖| .

2. the policy converges to optimality in the sense that

𝐶𝐶 𝐾𝐾𝑡𝑡 − 𝐶𝐶∗ ≤ 1 −
𝜂𝜂
𝜈𝜈6

𝑡𝑡

𝐶𝐶 𝐾𝐾𝑡𝑡0 − 𝐶𝐶∗ + 𝑂𝑂(𝑆𝑆𝑆𝑆𝑅𝑅𝑡𝑡−1)

nominal exponential convergence bias due to noise

SNR & step-size 
requirements

stable 
initialization
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Notes on stability & convergence statement
• Key to the analysis: small enough step size to control learning 

rate & assure sequential stability

• convergence: nominal exponential + (decreasing) bias term 

→ Zames’ 2nd monotonicity principle: improving performance 

→ 𝑂𝑂 1/ 𝑡𝑡 for Gaussian noise & constant excitation

→ 𝑂𝑂 𝑡𝑡−1/4 for Gaussian noise & diminishing excitation

• direct methods: 𝑆𝑆𝑆𝑆𝑅𝑅𝑡𝑡 ≥
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐. 𝑀𝑀𝑡𝑡
𝜎𝜎 𝑀𝑀𝑡𝑡

,  𝜂𝜂𝑡𝑡 ≤
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐.
𝑀𝑀𝑡𝑡

,  & convergence rate 

depend on data-dependent matrix 𝑀𝑀𝑡𝑡 = 1
𝑡𝑡2
𝑈𝑈0

𝑈𝑈0
𝑋𝑋0

⊤
Π 𝑈𝑈0

𝑋𝑋0
𝑈𝑈0𝑇𝑇

slightly worse
than optimal
known rates 
𝑂𝑂 1/𝑡𝑡 & 𝑂𝑂 1/ 𝑡𝑡
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Notes on stability & convergence statement

• all results also hold in regularized setting under proper choice of 
regularization coefficient 𝜆𝜆𝑡𝑡 ≤ 𝑂𝑂 (𝛿𝛿𝑡𝑡) (const. for bounded noise)

• Indirect Gauss-Newton method = adaptive version of Hewer’s 
algorithm, which needs additionally 𝐾𝐾0 sufficiently close to 𝐾𝐾∗

Algorithm: adaptive Hewer’s algorithm

1. data collection: refresh (𝑋𝑋0,𝑈𝑈0,𝑋𝑋1)

2. identification of �𝐵𝐵, 𝐴̂𝐴 via recursive LS

3. policy evaluation: 𝑃𝑃+ = Lyapynov ( �𝐵𝐵, 𝐴̂𝐴,𝐾𝐾)
4. policy improvement: 𝐾𝐾+ = … −1𝑃𝑃+ �𝐵𝐵𝐴̂𝐴

actuate 
& repeat
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Numerics: convergence to optimality
• case study [Dean et al. ‘19]: 

discrete-time system with
Gaussian noise 𝑤𝑤𝑡𝑡 ∈ 𝒩𝒩(0, 𝑖𝑖𝑖𝑖)

• policy gradient methods are 
more robust to noise versus 
sensitive one-shot method

• empirically observe tighter
optimality gap ~ 𝑂𝑂(𝑆𝑆𝑆𝑆𝑅𝑅−2)
than our certificate 𝑂𝑂(𝑆𝑆𝑆𝑆𝑅𝑅−1)

optimality gap: mean ± std

38



Numerics: mean ± std  of closed-loop realized cost

data set #1
(quality data)

data set #2
(poor data)

→ all converge with a bias, but one-shot & Gauss-Newton less robust
39



Numerics: computational efficiency

→ all policy gradient methods significantly outperform   
one-shot-based method in computational effort

state dimension

directone-shot

40
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Comparison among different gradients

41

→ Best option: natural gradient (fast computing & 
convergence)+ regularization (promoting robustness)



Implementations

today
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Power systems / electronics case study
• wind turbine becomes 

unstable in weak grid 
→ nonlinear oscillations

• converter, turbine, & 
grid are  black box for 
commission engineer

• construct state space 
realization from time 
shifts (5ms sampling) 
of inputs & outputs

→ direct policy gradientsynchronous generator & full-scale converter 43



probe & 
collect data

oscillation
observed

activate policy gradient
adaptative LQR control

time [s]

without control
adaptation

with policy 
gradient adaptive 
control 
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change of system parameters 
(DC voltage setpoint & gain)

AC grid voltage
disturbance occurs

time [s]

without 
control
adaptation

with policy 
gradient 
adaptive 
control 
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CONCLUSIONS
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Conclusions

Summary
• policy gradient adaptive control
• various algorithmic pipelines
• closed-loop stability & optimality
• academic & real-world case studies

Future work
• technicalities: weaken assumptions & improve rates
• extend problem setting: output feedback, other objectives & 

complex system classes: stochastic, time-varying, & nonlinear
• persistency of excitation: how to best design probing noise 47
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